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1 The random variable X has the rectangular (continuous uniform) distribution over the interval -
1 =< x =< 5, so that its probability density function is

' 1

1L 1sxss5,
f(x) =14 *

0 elsewhere.

The cumulative distribution function (cdf) of X is denoted by F(x).
(i) Write down the values of the cdf of X at x = 1 and x = S. [2]

(ii) Obtain F(x), and verify that the values of F(1) and F(5) are correct. [3]

The random variable Y is defined by ¥ = 2X2,
(iii) The values that Y can take are given by y, <y < y,.Write down y, and y,. [1]
(iv) Let G(y) denote the cdf of Y. By considering

Gly) =P(Y <y = P(2X2<y)

and using the cdf of X, show that

al)=22 1
\
/,'; (fory, <y =<y). [3]
(v) Obtain the probability density function of Y. " 2]
(vi) Use G(y) to obtain m,, the median of . [2]

(vif) Write down i, the median of X. Verify that m,, = 2m2. 2]
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2 A craftsman makes hand-made souvenirs of two types, A and B. The time taken to make a type A
souvenir is a Normally distributed random variable with mean 34 minutes and standard deviation
2.6 minutes. Independently, the time taken to make a type B souvenir is a Normally distributed
random variable with mean 39 minutes and standard deviation 4.0 minutes.

(i) Find the probability that it takes more than 30 minutes to make a type A souvenir. [2]

(i) Find the probability that a type A souvénir takes more time to make than a type B souvenir.

[4]

(iii) The souvenirs are packed in boxes containing 3 of each type. Find the probability that the total
time to make the 6 souvenirs in such a box exceeds 210 minutes. (Assume that the souvenirs
are chosen randomly and independently.) [3]

The craftsman undertakes a training course to improve his skill at making type A souvenirs.
Afterwards, a random sample of 8 times taken to make type A souvenirs is as follows (in minutes).
349 318 26.1 299 314 333 291 279

(iv) Assuming that the underlying standard deviation has not changed, provide a two-sided 95%
confidence interval for the true mean time to make a type A souvenir after the training course.
Interpret this confidence interval carefully. [6]

3 Researchers at an industrial company are studying new apparatus for delivering a carefully
controlled volume of a certain chemical at a particular stage in the production process. The volume
delivered is specified to be 21 ml. Small variations from this can be tolerated, but the researchers
need to determine whether the volume delivered is as specified on average.

The volumes delivered are carefully measured on 10 occasions and found to be as follows (in ml).
210 216 198 229 220 209 225 214 218 206

(i) State the appropriate null and alternative hypotheses for the usual ¢ test that the researchers

might use. [2]
(ii) State two conditions necessary for the correct use of the ¢ test. ) [2]
(ili) Carry out the test, using a 5% significance level. [7]
(iv) Provide a two-sided 99% confidence interval for the true mean volume delivered. [4]
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Psychologists are developing a new index of overall intelligence for 11-year-old children. It is
assumed that the index is Normally distributed over the whole underlying population and that the
standard deviation of this distribution is 12. If the index has been created correctly, its mean over
the population should be 50.

(i) The index is measured for a random sample of 100 11-year-old children. It is found that the
sample mean value is 47.8. Test the hypothesis that the true mean of the index is 50, against
the alternative that it is not 50, at the 1% level of significance. Discuss briefly whether the
assumption that the underlying distribution is Normal is necessary for this test to be valid.

(8]

(i) If the assumption of underlying Normality with mean 50 and standard deviation 12 is correct,
then

* 6.68% of the population will have an index value less than 32,
* 43.32% of the population will have an index value between 32 and 50,
* 43.32% of the population will have an index value between 50 and 68,
* 6.68% of the population will have an index value greater than 68.
In the random sample of 100 11-year-old children, it is found that the numbers in these

categories are 12, 48, 36 and 4 respectively. Use this information to test whether the
assumption is reasonable, at the 10% significance level. (7]
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January 2005 2615 Statistics 3
Ql [X~U(1,5), f(x)=%, 1<x<5. Y=2X.
@) F(1)=0 B1
F(5)=1 B1 2
(i1) Fe = [ £(nds M1 | Definition of cdf, including limits,
() I 1 (Bd possibly implied later. Some valid
method must be seen.
T ox 1 Al [for 1 <x <5 —do not insist on this.]
- [Zl T4 4
Verifications that F(1) =0 and F(5) = 1. Bl For both. Must convince. 3
If part (ii) precedes part (i) then there
must be included some comment which
“verifies” or reconciles the values of
F(1) and F(5) between the two parts.
(i) | Range of values of Y'is (2, 50). B1 | For both. [i.e. y; =2, y, =50] 1
(iv) | Cdfof Yis G(y)=P(Y<y)
=P2X*<y)
M1 | Note Strictly speaking, there should be
— y . .
Pl X < \/; some consideration of a component
P[— \/% <X< IJ which is zero.
IGNORE absence of, or any errors in,
this.
M1 | For use of F(...). This is independent of
_ y .
=F \/; the previous mark.
\/; 1 Al | BEWARE PRINTED ANSWER. 3
== Depends only on the previous M mark.
42 4
M1
| patof vis LGy
dy
1 1 Al | [for 2 <y <50 — do not insist on this.] 2
W2 2y 82y
(vi) | Median of ¥, m,, is given by
1 M1
3 G(m,)
N 1
M2 4
= Jm, =3V2 =m, =18 Al 2
(vii) | Median of X, m,, is 3 Bl Allow ft from ¢’s F(x)
and we have 2 x 3 =18 (= my). Bl | andc’s m,. 2
15
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Q2 | A~N(34,5=26)
B~N(39, 0 =4)

When a candidate’s answers suggest
that (s)he appears to have neglected to
use the difference columns of the
Normal distribution tables penalise the
first occurrence only.

(1) _ 30-34 M1 | For standardising. Award once, here or
P(4>30)=P(Z> e —1-538(46)) elsewhere.
=0-9380 Al | Accept 0-9381. 2
(il) | WantP(A>B) ie. P(A—-B>0) M1 | Allow B - A provided subsequent work
is consistent.
A—B~N(-5, B1 | Mean.
2:6” + 4* =22-76) Bl | Variance. Accept sd = V22-76 = 4-7707.
P(this > 0) = P(Z > 0-(=5) _ 1.048)
4.7707
=1-0-8526=0-1474 Al | c.a.o. 4
(111) A1+A2+A3 +Bl+Bz+B3~N(219, Bl Mean.
68:28) B1 Variance. Accept sd = V6828 = 8:2632.
For any use of 34 + 3B allow B1 for
mean = 219 but then BOAO.
P(this >210)=P(Z> 210-219 _ —-1-089)
8-2632
=0-8620 Al | c.a.o. 3
(iv) | x =30-55; o=2-61is given.
Cl is given by
30-55 £ M1 | fte’s x +.
1-96 B1
(26 Ml
8
=30-55 £ 1-80(17) = (28-74(8), 32:35(2)) Al | c.a.0. Must be expressed as an interval.
95% of all intervals obtained in this way in repeated E2 (EO, E1, E2) 6
sampling would “capture” the true mean time to
make a type A souvenir after the training.
15
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Q3
6)] Hy: u=21
H,:u#21 B1 | For both.
Where  is the (population) mean volume delivered. B1 | Allow absence of “population” if correct | 2
notation g is used, but do NOT allow
“ X =...” or similar unless X is clearly
and explicitly stated to be a population
mean. Hypotheses in words only must
include “population”.
(i) | Underlying population is Normal. Bl
Sample is random. Bl 2
(i) | x=21-45, 5,01 =09192 (s,.,° = 0-845) Bl | Allow s, =0-8721 (s,”=0-7605) only if
correctly used in sequel.
Test statistic is 21-45-21 M1 | Allowc’s ¥ and/ors,_;.
{ -9192} Allow alternative: 21 + (¢’s 2-262) x
09192 (=30-342, 21-658) fi
Jio 9192 (220342, 211659) for
subsequent comparison with x .
(Or X £(c’s 2262) x % (=20-792,
22-108) for comparison with 21.)
=1-548(0) Al | c.a.o.but ft from here in any case if
wrong.
Use of 21 — x scores M1AOQ, but ft.
Refer to t. M1 | No ft from here if wrong.
Double-tailed 5% point is 2-262. Al | No ft from here if wrong.
Not significant. El ft only ¢’s test statistic.
Seems mean volume delivered is as specified. El ft only ¢’s test statistic. 7
Special case: (t,o and 2-228) can score 1
of these last 2 marks if either form of
conclusion is given.
(iv) | Clis given by
21-45 + MI | ftce’s x +
3-250 B1
X0~9192 M1 | fte’s s,
NT)
=21-45£0-94(47) = (20-50(53), 22-39(47)) Al | c.a.0. Must be expressed as an interval. | 4
ZERO if not same distribution as test.
Same wrong distribution scores
maximum M1BOM1AO.
Recovery to 9 is OK.
15
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Q4

)] Test of Hy : 2= 50 against H; : ¢ # 50.
n=100, x=47-8, o=12.
Test statistic is 372-8=50 M1 | Allow alternative: 50 + (¢’s 2:576) x
{ ] ﬁ (=46-909, 53-091) for subsequent
4100 comparison with x .
(Or X +(c’s 2:576) x J% (=44-709,
50-891) for comparison with 50.)
=-1-833 Al | c.a.o.but ft from here in any case if

wrong.
Use of 50— x scores M1AO, but ft.

Refer to N(O, 1). M1 | No ft from here if wrong.

Double-tailed 1% point is 2-576. Al | No ft from here if wrong.
®(-1-833) =0-0334.

Not significant. El

Seems mean could be taken as 50. El

With such a large sample, it will not matter if the E2 | (EO, El, E2) 8

underlying distribution is not Normal.

(i1) Obs 12 48 36 4 B1 For correct table of observed and
Exp 6-68 43-32 43-32 6-68 expected frequencies. Award this mark

but not the next Al if the expected
frequencies are rounded.

X =42369 + 05056 + 12369 + 1-0752 M1 | Combining cells based on observed
frequencies gets MO0, but based
(correctly) on incorrect expected
frequencies allow M1 and ft for Al.

=17-05(46) Al | (See above.)

Referto y; . Ml | ftifdf<4.

Upper 10% point is 6:251 Al | No ft if not 10% point of candidate’s z°.

Significant. El

Seems underlying distribution is not Normal. El 7

15
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